This paper proposes a discrete-time risk model that has a centain type of correlation between premiums and claim amounts. It is motivated by the well-known No Claims Discount system or bonus-malus system in the car insurance industry. Such a system penalises policyholders at fault in accidents by surcharges, and rewards claim-free years by discounts. For simplicity, only two levels of premium are considered in the given model and recursive formulae are derived for its ultimate ruin probabilities. Then the impact of the proposed correlation on ruin probabilities is examined through numerical examples. At last, the joint probability of ruin and deficit at ruin is also considered.
Introduction
The No Claims Discount (NCD) (or Bonus-Malus System) is a well-established system in general insurance industry worldwide, in particular for car insurances. For instance, in Australia, car insurance policyholders have the chance to renew their policies at a discounted level of premium if they made no claim at-fault in previous policy year. In another word, safe drivers are awarded by paying less premiums and "bad" drivers are penalised by paying more. In practice, the rules are fairly complicated and vary among insurers, but in general this arrangement encourages drivers to drive more safely and also leads to a reduction of the number of small claims. The Bonus-Malus has been studied extensively by many researchers in the past, see Denuit et al. (2007) , Frangos and Vrontos (2001) , Lemaire (1995) and Tremblay (1992) and the references therein.
Motivated by the type of correlation between premiums and claims embedded in the NCD system, we consider a discrete-time risk model with two premium levels that are dependent on claim amounts. Dufresne (1988) considered the stationary distributions of a bonus-malus system and showed that it can be computed recursively. It is further shown that there is an intrinsic relationship between such a stationary distribution and the probability of ruin in the risk theoretical model.
Let N + = {1, 2, . . .}. Denote U n the amount of surplus of the insurer at time n, n ∈ N, which has the form
where u ∈ N is a constant initial surplus and {X i } i∈N + form an independent and identically distributed (i.i.d.) random variables sequence with X i denoting the total claim amount in period i ∈ N + . And C i is the amount of premiums the insurer receives at the beginning of period i satisfying the following conditions, for n ∈ N + :
where θ is a constant in (0, 1] and c is a constant denoting the full premium level. Then θc means the discounted premium level. These conditions mean that if in period n there was no claim made, then the insurance company would charge lower premiums to its policyholders in next time period. Otherwise, the policyholders need to pay full premiums at renewal. In the present paper, we shall further assume that X i only takes values 0 or 1 with probabilities q = 1 − p and p (0 < p < 1) respectively.
For a new insurance portfolio, it makes sense to charge full premiums for the first time period, i.e. C 1 = c, so we define
to be the time of ruin with 1 i=2 = 0. And ψ(u) = Pr(T < ∞) is the ultimate ruin probability for the discrete-time surplus process given in (1) . A trivial observation about the ruin probabilities is ψ(u) = 1, for any u < 0. A positive safety loading condition for the model is p <
, which is calculated using the given assumptions for premiums.
If ruin occurs, then |U T | = y denotes the deficit at ruin satisfying 0 < y ≤ 1. We define
which describes the probability that ruin occurs and the deficit at ruin equals y where δ −u,y is an indicator function of {−u = y}. Obviously, δ −u,y = δ u,−y . Further, ϕ(u, y)/ψ(u) denotes the probability function of the deficit at ruin given that ruin has occured. The rest of the paper is organised as follows. Section 2 considers the above defined ultimate ruin probability ψ(u) and derives recursive formulae for computation purposes. Explicit expressions are obtained for certain ranges of initial surplus. Section 3 works on the initial values for ψ(u) to enable the usage of the obtained recursions. Section 4 studies the impact of the proposed correlation between premiums and claims on the ruin probabilities and numerical examples are provided to illustrate the impact. At last, in section 5, the deficit at ruin is considered using similar techniques to section 2.
Recursive formulae for ψ(u)
In this section, we shall derive recursive formulae for ruin probabilities ψ(u) with the method used in Wagner (2001) . Wagner (2001) considered a two-state Markov risk model where the state of a homogeneous Markov chain at any given time determines the corresponding claim amount. Since the risk model considered in this paper also has two states, with respect to premiums, the method proposed in Wagner (2001) can be used here.
Considering the first time period, we obtain the following recursion:
The right-hand side of (2) includes two cases of claim occurrence in period 1. If there is no claim in the first time period, then U 1 = u + c, and C 2 = θc. If we deduct an amount of (1 − θ)c from U 1 and combine it with C 2 then it is equivalent to a surplus process renewed at time 1 with an initial surplus u + θc. Otherwise, if there is a positive claim of 1 in period 1, then the surplus process is renewed at time 1 with an initial surplus u + c − 1.
Next we shall examine two ranges of u.
And for u ≥ 1 − c, we have
Combining (3)- (4) we have
To deal with the non-integers in the above recursion, we assume that c =
, where K 1 , K 2 and N are all positive integers with N >> K 1 ≥ K 2 , N > 1 and their highest common factor is 1. Then the safety loading condition becomes p <
. We further assume that u is a multiple of
Given ξ(i), i = 0, 1, . . . , K 2 − 1, using (6) one can obtain, for
where integers i and j are the remainder and quotient from dividing k by K 2 , i.e.
can be calculated recursively using the second part of formula (6).
The initial values of ψ(u)
Having obtained the explicit expression together with a recursive formula for ξ(k), next we need to determine the initial values ξ(i), i = 0, 1, . . . , K 2 − 1. Without knowing them, one will not be able to apply the obtained results. The following derivation again follows Wagner (2001) . Suppose that nK 2 > K 2 +N −K 1 . Let J 1 and I 1 be the quotient and remainder from dividing
Due to the number of initial values to determine and the complexity embedded in the general setup of N, K 1 , K 2 , we need to introduce one more restriction before we go on that is N − K 1 is a multiple of
When u → ∞, ξ(u) tends to zero, so letting n → ∞ the above equation becomes
. It is less than 1 according to the safety loading condition. Similarly, for i = 1, 2, . . . , K 2 − 1, we know
Letting n → ∞ in the above equation and solving for ξ(i) gives
which is equal to ξ(0). As a result, one can see that, for j ∈ N,
, we have obtained a complete formula for calculating the ruin probability ψ(u).
Remarks.
• To be able to determine the initial values, ξ(i), i = 0, 1, . . ., K 2 − 1, an assumption was made at the beginning of this section, i.e. N − K 1 is a multiple of K 2 . This assumption introduces a restriction on choosing values of N, K 1 and K 2 . Since normally N is much bigger than K 1 and K 2 , we do have a certain level of freedom to choose appropriate N , K 1 and K 2 values according to the given real problem. In many cases we may have to use numbers that are as close as possible to our expectation. It will certainly cause some inaccuracy regarding final results, but we believe the model and formulae given in this paper still can provide us some useful information on how the discounted premiums are going to affect the overall ruin probabilities.
• One simple example of how to choose appropriate N , K 1 and K 2 values is:
-if we know the maximum claim size is around 100 times the full annual premium and the insurer is considering a 10% discount (θ = 0.9), then N = 1000, K 1 = 10 and K 2 = 9 and the condition is satisfied.
-for a 15% (θ = 0.85) discount, we could use N = 2009, K 1 = 20 and K 2 = 17, and the claim size is approximately 100 (100.45) times the full premium level.
For discrete risk models with non-integer irregular premiums/ surpluses, how to build a usable recursive framework for calculation purposes is still an open problem. Although the attempt in this paper does not cover the most general case, it might give readers a hint when searching for a usable solution.
• A very special case is that K 2 = 1, which means the discounted premium level θc is 1 N and the full premium is a multiple of the discounted one. From the calculation point of view, it can simplify all the previous results significantly. On the other hand, practically, it only covers few cases of discount, eg θ = 1, 0.5, 0.25, 0.125, . . .. In real life, a general insurer may be happy to give policyholders a 20% discount on premiums under certain conditions, but a discount over 60% is not often seen. Therefore, we are not going to put much attention on this case in the sequel.
The impact of variable premiums on ψ(u)
Based on Section 2 & 3 we develop the following algorithm for calculating ξ(k), k ∈ N:
(i) Calculate J 1 , j k and i k , where
, and the latter two are the quotient and remainder from dividing k by K 2 .
(ii) Calculate ξ(k) as follows:
(iii) In step (ii), the second case needs to be calculated recursively.
Using the above algorithm, the ruin probability ψ( k N ) can be calculated for any given k ∈ N. Also, if results are required for a set of k values, then the results for smaller k's should be stored for the calculation involving bigger k values.
Remarks. From step (ii), one can see that, for any i = 0, 1, . . . , K 2 −1 and j ∈ N,
In the following, we shall examine the impact of the premium discounts on the ultimate ruin probability ψ(u) through two numerical examples. We will illustrate how much the ruin probability will change with different level of discount on premiums under the assumptions of our model. Example 1. In this example, we consider the following five cases: They share the same claim size distribution, the same full premium level (c=0.01 where cases (2) and (4) are approximately equal) but different expected premium per time period. Some quantities of interest regarding these five cases are summarised in Table 1 . Note here case (5) is a simplified situation which leads to a compound binomial risk model. An obvious difference among the above five cases is the safety loading which is in the column entitled
Clearly the safety loading increases from case (1) to (5) significantly.
In Table 2 we provide ruin probability ψ(u) values for selected u values in each case given above, where the superscript (i) corresponds to case (i). Bear in mind that although most of the u values are not big, the number of steps taken to obtain the ruin probabilities could be large. For example, to calculate ψ (1) (10), a little more than 1,200 steps of calculations are required.
One can see from Tables 1 & 2 that • under the given conditions of Example 1, although the full premiums and claim size distributions are the same over the five cases, the ultimate ruin probabilities ψ(u) are very different among them;
• case (5) has the lowest ruin prob.'s & the lowest (zero) discount, and case (1) has the highest ruin prob.'s & the highest discount level as well; Table 2 : Some values of ψ(u) of Example 1.
• the above point is consistent with the trend of safety loadings of the five cases;
• as u increases, the differences of the ruin prob.'s between the five cases increase quickly, much higher than the differences between the discount levels.
Example 2. In this example, we reconsider the above five cases in Example 1 with changed probabilities for claims:
(1) N = 4, 000, K 1 = 40, K 2 = 33, p = 0.0075; 
The full premiums and discount levels remain the same but claim size distributions vary across the five cases such that their safty loadings stay roughly at the same level (10%). Table 3 summarises some quantities of interest regarding these five cases. Table 4 , the ruin probabilities of case (1) − (5) do not differ that much for any given u values. Instead, they are very close to each other displaying an increasing trend from case (1), (2), (5), (3) to (4) . It implies that under the assumptions given in Example 2, ruin probabilities do not have the same quantitative orders as the premium discount levels. However, the trend among ruin probabilities in the five cases again is consistent with their safety loadings, i.e. ruin probability increases as safety loading decreases. Table 4 : Some values of ψ(u) of Example 2.
The deficit at ruin
In this section, we shall consider one more function of interest, ϕ(u, y), the probability that ruin occurs and the deficit at ruin equals y, y > 0, for the risk model (1) . Note that Wagner (2002) also considered this probability for the Markov risk model defined in Wagner (2001) . Under the same assumptions with respect to u, c and θc, i.e. c =
, u is a multiple of 1 N and N − K 1 = J 1 K 2 , we know that any possible deficit y is also a multiple of
Given y > 0, considering the first time period we obtain the following recursion for ϕ(u, y):
Similar to the derivations of (5), after assessing certain ranges of u values, we have
), (9) can be rewritten as
The above recursive formula can be used to calculate ϕ(u, y) if the initial values η(0|z), ..., η(K 2 − 1|z) are known for any given z. Next we shall employ the same method as the one used in Section 3 to determine the initial values with the same assumptions regarding N , K 1 and 
